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This paper presents a novel state-space model-based systems identification method for accurate and efficient

simulation of the aeroelastic phenomenon offlight vehicles, amongothers. Both structural andfluid discretization are

achieved by the common finite element method, their interactions being modeled by the transpiration boundary

condition technique. The computational fluid dynamics analysis is valid for either inviscid or viscous flow, and

structural deformation is assumed to be small in nature. A number of example problems are solved by the systems

identification procedure, developed herein, and such results are compared with that obtained by the direct time-

marched analysis method reported earlier. The examples include a cantilever wing with a NACA 0012 airfoil, the

Hyper X launch vehicle, and the F/A-18 AAW aircraft. These analysis results show a considerable improvement in

central processing unit solution time for the new systems identification procedure over the usual time-marched

solution.

Nomenclature

Ĉ = generalized damping matrix
fa�t� = generalized aerodynamic load vector
f I�t� = generalized impulse force vector
f i, gi = flux vector convection and diffusion terms
Ga,Ha, Ca, Da = aerodynamic state-space matrices
Gs,Hs, Cs, Ds = structural state-space matrices
Gsa, Hsa1, Hsa2 = aeroelastic state-space matrices
K̂ = generalized stiffness matrix
M̂ = generalized mass matrix
q = generalized displacement vector
t; T = time and temperature
u = displacement vector
v = volume
� = freestream density
�̂ = training density for the auto regressive

moving average model

Introduction

M ANY practical problems, such as flight vehicles [1,2], are
characterized by unprecedented interactions among a number

of major disciplines as fluids, structures, thermal, propulsion, and
controls, among others. Furthermore, in some critical flight regimes
like transonic flow, the dynamic behavior of fluids becomes highly
complicated and linear aerodynamic methods become unreliable for
prediction of unsteady flow. It is then necessary to employ
computational-fluid-dynamics-based (CFD-based) simulations for
an accurate assessment of multidisciplinary interactions such as the
aeroelastic and aeroservoelastic phenomenon. In particular, vehicles
with complex geometry require such a simulation to be able to derive
meaningful and reliable results.

Some past efforts [3–6] in this direction have been made in which
the finite difference or finite volume methods are adopted for fluid
flow, which are then coupled with the structural vibration data
derived from finite element models. Recent efforts involving
seamless coupling of the finite element based fluids [7,8] and

structural data have shown promising results [9,10], which were
verified with wind-tunnel as well as flight test data. To determine the
onset of aeroelastic instability within a specified flight envelope, it is
essential to perform such an analysis for a number of chosen flight
conditions. Thus, corresponding to a flight Mach number,
evaluations need to be made at a number of altitudes identified by
various density values. Whereas such analyses yield accurate
solutions, it also requires rather high computer CPU time,making the
process rather expensive and time consuming; such an effort
involving both aeroelasticity (AE) and aeroservoelasticity (ASE)
analyses is depicted in [11]. This paper presents a new, alternative,
and much more economical systems identification technique for
accurate aeroelastic analysis of complex, practical problems such as
aircraft and other flight vehicles. Description of this autoregressive
moving average (ARMA) model is provided in broad details
followed by a number of relevant example problems, such as a
cantilever wing, the Hyper X launch vehicle and the F/A-18 AAW
aircraft, alongwith experimental test correlation whenever available.
These results, along with computational CPU times, are then
compared with that obtained by the direct time-marched method,
which demonstrates considerable advantage of the present systems
integration (SI) procedure over the usual time-marched (TM)
analysis-based solutions.

Aeroelastic State-Space Matrix Formulation

In this analysis, both the fluid and solid domains are idealized by
the common finite element method. This procedure starts with the
finite element structural modeling and subsequently computes the
natural frequencies! andmodes�, incorporating rigid-body, elastic,
and control surface motions by solving

M �u�Ku� 0 (1)

inwhichM andK are the inertial and stiffnessmatrices, respectively,
andu is the displacement vector. A steady-state Euler/Navier–Stokes
solution is effected next, using the local time-stepping, two-step
solution procedure described earlier [11–13]. Associated vehicle
equation of motion is then cast into the frequency domain

M̂ �q�Ĉ _q�K̂q� fa�t� � f I�t� � 0 (2)

in which q is the displacement vector (��Tu); M̂ is the generalized

inertia matrix (��TM�), and, similarly, K̂, Ĉ the stiffness and
damping matrices; fa�t� is the generalized aerodynamic (CFD) load
vector (��TapA), p is the fluid pressure at a fluid node, and A is the
appropriate surface area around the node; �a is the modal vector at
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aerodynamic grid points interpolated from relevant structural modes
and f I�t� is the applied generalized structural impulse force vector.

A state-space matrix equation form of Eq. (2) is written as
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where

B st �
0

�M̂�1

� �
; f�t� � fa�t� � f I�t�; xs�t� � q

_q

� �
(5)

and

y s�t� �Cstxs�t� �Dstf�t� (6)

in whichCst � I andDst � 0. These equations are then converted to
the zero-order hold (ZOH) discrete time equivalent at the kth step:

x s�k� 1� �Gsxs�k� �Hsf�k� (7)

y s�k� �Csxs�k� �Dsf�k� (8)

where

G s � eAs�t; and Hs�k� � �eAs�t � I��A�1s Bs� (9)

f �k� � fa�k� � f I�k� (10)

and �t� tk�1 � tk, Cs, and Ds remain unchanged.

State-Space Systems Identification Model
in Aeroelastic Analysis

The system identification techniquemodel structure used herein is
the autoregressive moving average model (ARMA). In this process,
the modal response force at time k of a system is taken as a
summation of scaled previous outputs and scaled values of modal
displacement inputs to the system. This model makes the
assumptions that most aeroelastic systems can be treated as
dynamically linear and that the aerodynamics respond linearly to
small perturbations about a potential nonlinear steady-state mean
flow. A basic ARMA model in Fig. 1 at time k may be written as

f a�k� �
Xna
i�1
Aifa�k � i� �

1

�̂

Xnb�1
i�0
Biq�k � i� (11)

whereAi and Bi are unknowns to be determined from excitation of
the structure through a prescribed motion containing the spectrum of
calculated structural eigenmodes, and na and nb are the orders of the
coefficient ofAs andBs. The training density �̂may be used to scale

the generalized force and that further scaling the generalized forces
on the right-hand side results in

f̂ a�k� �
Xna
i�1
Aif̂a�k � i� �

1

�̂

Xnb�1
i�0
Biq�k � i� (12)

A state vector xa is next defined for the scaled aerodynamic system
which contains a total of (na� nb � 1) number of roots states
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Based on any given structural displacement inputs, the mathematical
model of the unsteady CFD aerodynamic system can compute the
aerodynamic forces outputs. Therefore, themathematical state-space
representation of the aerodynamic system can replace the traditional
Euler/N-S CFD step in the multidisciplinary aeroelastic or
aeroservoelastic analysis.

The state-space form for the scaled aerodynamic model can then
be written as

x a�k� 1� �Gaxa�k� �Haq�k� (14)
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Fig. 1 Aerodynamic model.
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The output equation for the scaled aerodynamic model may

include a known vector of static offset f̂0 � f0=�̂ which are
subtracted off of the time history data in the derivation of the
aerodynamic model, because the ARMA model structure only
models the dynamics of the system. The generalized force vector

fa���f̂a� is then fed back into structural state-space matrix Eqs. (7)
and (8) in the solution iteration as shown in Fig. 2. The matrices A
and B are of dimension NR 	 NR. Further details of model
identification and input optimization are given in [12].

Autoregressive Moving Average Model
Aeroelastic Analysis

A combined structural and aerodynamic state-space matrix
formulation is derived next for the coupled aeroelastic model, which
enables depiction of aeroelastic root-locus plots which assists in the
control law design. Thus, the aerodynamic state-space equation’s
input can be written in terms of the structural output as follows

x a�k� 1� �Gaxa�k� �HaTaCsxs�k� (17)

f a�k� � �Caxa�k� � �DaTaCsxs�k� � �f̂a (18)

and fa can be obtained as

f a�k� � f I�k� � fa�k� (19)

Substitution of Eqs. (17) and (18) into Eqs. (7) and (8) yields
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y s�k� �
�
q�k�
_q�k�

�
�Csxs�k� (21)

and the aeroelastic state-spacematrix equationmay then bewritten as
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or

x sa�k� 1� �Gsaxsa�k� �Hsa1f I�k� �Hsa2 (24)

y sa�k� �Gsaxsa�k� (25)

The relevant root-locus plot, derived from theGsa matrix, shows the
location of roots as a function of density, which is analog to the
plotting of q and _q contained in ys [Eq. (6)]; a requirement of stability
dictates that all roots lie within the unit circle. The matrixGsa can be

used for control law design to yield the gainmatrix ~k, which can next
be used to plot response of the controlled vehicle.

Following the technique for the direct solution described earlier
[11,12], this procedure can be similarly extended for the ASE
analysis. The computer flowchart for the ARMAAE/ASE analysis is
shown in Fig. 3. Once the structural modal analysis has been
performed, the relevant AE/ARMA solution analysis steps can be
described as follows:

Structural
dynamics

Gs, Hs, Cs, Ds

Aerodynamics
ARMA model

Ga, Ha, Ca, Dafa(k) q(k)

q(k)fI(k) f(k)

fa(k) +

+

^

Fig. 2 Coupled ARMA aeroelastic model.

Modal analysis φ s,  sω

Input structural/aero data

(local time stepping) [Step 1]

Stop

analysis

fa

?

of specified ρ

study of sfa [Step 1a] - GTS

transpiration B.C. [Step 2] - GTS

curve fit - evaluate coefficients a, b
( for Ga, Ha, Ca, Da ) [Step 3]

Evaluate Ga, Ha, Ca, D

of the ARMA Model [Step 4]

Form Gs, Hs, Cs, D

Form Ga, Ha, Ca, D

Calculate fa, fa using Ga, Ha, Ca, D

Impulse load fI input for t = ts thru te

control surface motion q, q

Compute q, q from Gs, Hs, Cs, Ds

No

Yes

^

Save q, q

.

..[Step 5]

Fig. 3 AE and ASE analysis using ARMA methodology.
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Step 1: Steady-state CFD solution followed by input data
preparation for subsequent unsteady analysis.

Step 1a: Unsteady solution convergence study of the clamped
structure with sufficient number of solution steps to ensure that the
generalized forces form a straight line, each without oscillations.

Step 2: Training the ARMA multistep unsteady solution,
employing a transpiration [14,15] boundary condition strategy, for a
3211 or a variable amplitude 753211 input signal for a number of

suitable time steps to ensure convergence of solutions q and _q to their
steady states.

Step 3: Least-squares curve fitting for the ARMA model.
Step 4: Evaluation of ARMA model involving comparison of

generalized forces obtained in step 1a with that from step 4. If
needed, repeat steps 3 and 4with different combinations ofna andnb
until the signal fas match with each other.

Step 5: To conduct ARMA solution and derive damping of the
signal for the density under consideration. Repeat step 5 similarly for
a series of density values to obtain the density signifying aeroelastic
instability that pertains to a zero damping value.
Typically, step 5 computations involving six density values are
adequate to ascertain the threshold of instability.

Numerical Examples

A number of relevant ARMA-based aeroelastic problems have
been solved to assess the accuracy of the currently developed
numerical formulation and the associated software. Some examples
of representative test problems are given next. All calculations were
performed using a single CPU 3.2 GHz PC, employing the Euler
equation and the STARS [16] (structural analysis routines) code.

Example 1: Cantilever Wing with a NACA 0012 Airfoil

Figure 4 shows the finite element (FE) aerodynamic surface grid
and solution domain as well as the structural surface grid of the wing
with a span to chord length ratio of 2.0. Relevantmodeling details are
as follows:

Important data parameters:
wingspan� 2:0178
wing chord length� 1:0089
Mach number� 2:0
angle of attack� 0 deg
speed of sound at infinity� 340:29
Structural data

Young's modulus� 6:8947E� 10
Poisson's ratio� 0:3
density� 2764:925

Finite element CFD and structures models data:
number of fluid nodes� 65; 745
number of fluid elements� 351; 932
number of structural nodes� 486
number of structural elements� 1549

Fig. 4 Aerodynamic and structural surface grid of wing and solution
domain.

a) mode 1, 3.521 Hz, 1B    b) mode 2, 14.819 Hz, 1T   c) mode 3,18.819 Hz, 2B

d) mode 4, 38.026 Hz, 
in plane  

g) mode 7, 59.797 Hz, 
1B control 

e) mode 5, 41.408 Hz, 3B  f) mode 6, 48.636 Hz, 2T

h) mode 8, 64.958 Hz, 4B

Fig. 5 Structural modes of a cantilever wing.
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Initial analyses involved aeroelastic and aeroservoelastic
simulation [16] for Mach 2.0 using the TM solution method. This
is achieved by performing an individual set of analysis, each
pertaining to a combination of airspeed and atmospheric density.
Next, an ARMA analysis was conducted that employs only one
representative unsteady solution, with subsequent training of the
same and followed by least-squares curve fitting, evaluation of the
ARMA model, and finally conducting the ARMA solution at
different input altitudes.

Figure 5 shows a few structural mode shapes pertaining to the
various natural frequencies. Results of steady-state CFD analysis
performed for Mach 2.0 and density 0.915, in the form of Mach and
pressure distribution, are depicted in Fig. 6.

For AE analysis, an unsteady solution is derived and the damping
values are calculated from the generalized displacement
distributions. Such a distribution of q for a density of 0.915,
pertaining to a typical mode 2, is shown in Fig. 7a exhibiting
instability; Fig. 7b shows an augmented [16] stable solution with
application of control surface motion at time 1 s. Modes 1, 2, and 7
are used for all AE/ASE analyses. These analyses were performed
using the direct TM procedure.

An ARMA analysis was then implemented for Mach 2.0 and a
training density of 0.915, performing steps 1–4 as described earlier.
On satisfactory completion of these analysis steps, ARMA solution
of step 5 was achieved pertaining to a number of density values to
bracket the flutter point, and Fig. 8 presents the damping plot for the
solution domain; the flutter parameter (density ratio) corresponding
to the zero damping value is found to be 0.895. Solution time for an
unsteady analysis, using the TMmethod, was found to be about 19 h
of CPU time for a typical density value, requiring about 800 solution
steps. For the associated ARMA solution, step 1a required 201 steps
(CPU� 4 h; 28 min), and step 2 needed 401 steps
(CPU� 8 h; 52 min), whereas steps 3–5 required about 26 s for
each density value. About six data points are needed to bracket a
flutter point and theARMA solution required 13 h, 21min to achieve
the same; in contrast, the TMsolutions needed a total of 114 h ofCPU
time and, as such, the ARMA procedure proves to be faster than the
TM solution by a factor of eight or so.

Example 2: Hypersonic Flight Vehicle (Hyper X)

The Hyper X stack consists of a Pegasus booster and the X-43
hypersonic flight test vehicle. In recently conducted tests, the stack
was launched from a B-52 aircraft around an altitude of 22,500 ft and
boosted to about 100,000 ft for a Mach 7 and a subsequent Mach 10
flight of the X-43 equipped with a scramjet air breathing engine.
Time-marched analyses of the stack [17] and also the X-43 [2] has
been reported earlier. An ARMA-based AE analysis of the Hyper X
is described next in some detail.

Figure 9 depicts finite element structural (10,000 nodes; 22,000
elements) and CFD (445,000 nodes, 2,650,000 elements) models
[11,12] of the stack; Table 1 provides a list of elastic modes
considered for the AE analysis. The ARMA analysis was performed

for Mach 0.9 and a training density corresponding to an altitude of
22,500 ft; Table 2 presents a comparison of flight measured pressure
values to that obtained by the CFD analysis, showing good
correlation for the significant data. Solution steps 1, 1a, and 2–4were
routinely conducted to yield a satisfactory ARMA model and,
thereafter, step 5 ARMA analyses were performed for a number of
desired densities to establish the threshold of aeroelastic instability;
the resulting model was found to be highly stable for a wide range of
altitudes. Typical generalized displacements q pertaining to the sea

Fig. 6 Cantilever wing steady-state Mach and pressure distribution.

Fig. 7 Wing AE/ASE response for mode 2.

Fig. 8 Aeroelastic ARMA stability plot for cantilever wing for mode 2.
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level altitude are shown in Fig. 10. Solution CPU times were 47 h,
12 min for step 1a (200 steps), 106 h for step 2 (450 steps), and about
1 min for steps 3,4, and 5. The TM unsteady solution for a single
altitude was 96.8 h, needing 410 solution steps. Assuming that a
minimum of six data points are needed for interpolating the
instability density, characterized by the zero damping value, it is
apparent that the ARMA solution is about four times faster than the
corresponding TManalyses; steady solution time is the same for both
cases, needing only about 14 h of CPU time.

Example 3: F/A-18 Active Aeroelastic Wing

TheActiveAeroelasticWing (AAW) [18,19] technology program
involves a multidisciplinary, aerostructural-controls interactions

study that maximizes the performance of a flight vehicle. In this
process, a more flexible, lighter wing is used which provides wing
twist response at higher speeds and deforms aeroelastically into
favorable shapes for optimumperformance producing control forces.
The primary goal of this program is to generate control laws that will
maximize the vehicle performance taking into account wing
flexibility. An AE analysis, based on the ARMA technology, was
performed on this aircraft, details of which are given next.

Figure 11 depicts the aircraft CFD mesh used for the analysis; the
three-dimensional mesh consists of 3,729,316 tetrahedron elements
with 672,341 nodes. As the first step of the current analysis, a steady-
state CFD solution was achieved, some typical results of which are

Fig. 9 Hyper X finite element structural and CFD models.

Table 1 Hyper X stack free-vibration analysis results

(�V � 12:430, �HT ��11
0)

Mode STARS Freq., Hz Mode shape description
(major motion)

1 8.03 F1B vertical (S)
2 9.44 F1B lateral (A/S)
3 13.21 RT fin 1B
4 14.20 rudder 1B
5 14.45 LT fin 1/B
6 16.38 F2B vertical (s)
7 28.97 rudder 1/T

Table 2 Comparison of computed and flight test measured

pressure data for the Hyper X

Pressure, psi

Sensor point Flight test CFD computed

001 1.6900 1.7297
003 1.7800 1.6890
007 �0:2419 �0:1400
085 �0:1567 �0:3886
090 0.078 �0:08

Fig. 10 Typical aeroelastic generalized displacements.
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depicted in Fig. 12. A reduced-order FE structural model of
the vehicle was also analyzed to yield the natural frequencies and
mode shapes, and Table 3 summarizes the relevant results. An
ARMA AE solution was effected for Mach 0.85 for a number of
representative altitudes in an effort to determine the stability
characteristics and the flutter density corresponding to zero damping
value. Distribution of representative generalized displacements for a
typical mode (W1B-S) at a number of altitudes are depicted in
Fig. 13, showing solution convergence and also divergence pattern.
ARMA AE stability plots for the solution domain for Mach 0.85 are
shown in Fig. 14; a flutter altitude corresponds to a zero damping
value.

A steady-state CFD analysis involving 1000 steps required 2 h,
40 min of CPU time. ARMA solution CPU times were 150 h for
step 1a (450 steps), 230 h for step 2 (700 steps), and about 1min, 30 s
for steps 3, 4, and 5. The direct TM solution for each altitude takes
667 h of CPU time, requiring 2000 solution steps. Assuming that
around 4–6 data points are needed to determine the flutter altitude,

the ARMAprocedure proves to be about five times faster than its TM
counterpart.

Conclusions

This paper presents details of a novel finite element, CFD-based
aeroelastic analysis procedure suitable for efficient modeling and
simulation of large complex practical problems. The systems
identification procedure employing a new ARMA solution
methodology is described herein in some detail. Meshing for CFD
idealization is achieved with unstructured grids, which is also
standard for structural discretization.

Numerical examples include a cantilever wing with NACA 0012
airfoil and the current solutions are compared with earlier ones using
the direct TM method. The second example involves ARMA-based
aeroelastic analysis of the Hyper X launch vehicle and such results

a) Vehicle surface grid

b) Solution domain surface grid

Fig. 11 F/A-18 AAW CFD model.

a) Mach distribution - top view

b) Mach distribution - bottom view

c) Mach distribution - cut plane

Fig. 12 Mach distribution on F/A-18 AAW at Mach 0.85.

Table 3 STARS Free-Vibration Analysis vs GVT F-18 active aeroelastic wing: full model,

full fuela

Mode no. STARS
Freq., Hz

GVT, burst
Freq., Hz

Mode shape description

1–6 0.0 —— rigid-body modes
7 5.97 6.2 W1B-S, some inboard aileron rotation
8 8.85 8.33 F1B-A, W1B-A
9 9.00 8.69 W1B-A, aft fuse rotation, slight F1B-A
10 9.34 9.87 F1B-S, S1B-S, some wing tip twist
11 13.54 13.01 S1B-A, slight W1T-A
12 13.61 13.49 S1B-S, slight W1T-S
13 14.10 14.53 W1T-S, some S1B-S
14 14.16 15.63 W1T-A, some S1B-A, V1B-A
15 15.71 15.82 V1B-A, some W1T-A, (SF=A-A)
16 15.92 16.28 V1B-S, slight W1T-S, (SF=A-S)

aHeavy fuel, weight� 34; 920 lbs; includes modification to wing stiffness after static analysis (Nov. 2001)
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are further compared with the corresponding TM solutions. Also
presented is a comparison of computed pressure values with flight
test data. The final example relates to the F/A-18 AAW aircraft and
details of the analysis results involving structural, CFD, and ARMA
aeroelastic solutions are presented in the paper.

In all of the preceding three example problems, the ARMA
solution proves to be much faster than the direct TM method by a
factor of 4–10. Such a savings in computer CPU time will enable
modest computing resources to yield meaningful solutions
pertaining to very large practical problems with complex geometry.

A CFD-based analysis is essential for accurate prediction of
unsteady aerodynamics around a complex flight vehicle, particularly
in transonic flight regime, where linear panel methods are likely to
prove inadequate. Typically, such an analysis demands large
computing resources. The ARMA procedure described in this paper
will prove to be economical in this regard. State-of-the-art detailed
review of the subject matter can be found in [20,21].
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Fig. 13 Typical generalized displacements for mode W1B-S.

Fig. 14 F/A-18 AAW ARMA/AE instability plots for Mach 0.85.
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